Now t hat we know there are two separate non-isonorphic
Cctoni on Al gebras; Left and Right types, and that each type
may be expressed in eight isonorphic ways, it may seem we
are closer to showi ng Cctonion Al gebras are too problematic
for physics than we are to showing their virtues.

After all, any physical systemw ||l be described by
functional expressions that are forned by one or nore

mul tiplication operations. W just saw that the definitions
for Octonion multiplication vary between choice of
representation, but we nust insist that the nathenatica
results representing physically neasurable entities are
conpl etely consistent.

The previous discussion on the variations allowed for the
multiplication rules for Cctonions did not indicate that
any of the sixteen possible choices are special enough to
forget about the others. In fact, they are all quite
simlar to each other. But all is not lost, since as we
will soon see, it will be possible to form product terns
that actually are consistent across all possible al gebras.
It would appear that all expected representations of
observabl e phenonena will need to be consistent across al
possi bl e Cctoni on Al gebra representations. | wll indeed
demand this and see where it leads. This is what | cal
"The Law of Cctonion Al gebraic Invariance".

Any tinme we formone or nore product of Cctonion
quantities, we forma nunber of resultant product terns
using the rules of our singular choice of Octonion Al gebra.
It nust be a singular choice because you can not change the
rules in the niddle of the gane. Since | have elected to
keep consistent unit triplets within each pernutation
replaying the entire product generation using a different
formof Gctonion Algebra will retain the sane conponents in
every product term The only thing that m ght change is
their sign.

A product termis an algebraic invariant if its sign does
not change when the nmultiplication rules are changed to

t hose of any other Octonion Al gebra. A product termis an
al gebraic variant if its sign does change when the
multiplication rules are changed to those of any other
Cctoni on Al gebra. Gctonion product expressions nay be ful
al gebraic invariant, mxed variant and invariant, or fully
vari ant.

When the variant product terns between two al gebra choices
are conpared to those between two ot her choices, the
intersection of the two sets may not be enpty. Considering
al |l possible changes, there is a way to separate the
variant product terns into sets wi thout intersection.

call these irreducible sets m nimum di stances. | have
devised an algorithmto sift out invariant product

terms and irreducible variant product terns into separate
sets. | will not repeat its description here, it is

avail abl e inside a PDF downl oadable fromnmy website. It is



call ed "The Cctonion Variance Sieve Process”

If an Octonion product expression is expected to be an

al gebraic invariant yet it is not explicitly invariant, it
can be forced invariant by insisting each irreducible
variant product set sums to zero. This is an assignnment of
al gebrai ¢ equations of constraint, and may be very
important to the application of Cctonions to physics.

The question of al gebraic variance and invariance is fully
deternmi ned by the product history of a product term Since
we have | ost associativity for rmultiplication, this history
is registered in the order perfornmed to reach the fina
product term configuration. For every fundanenta

mul tiplication operation, there is an effective unit nunber
on both sides of the multiplication synbol. They may be
straight up single units or a conposite of earlier
multiplications. Either way, it is the effective unit
nunbers that will determine the nultiplication rule for
that particular nultiplication operation, and it will be
the set of all applied nmultiplication rules that wll
define the al gebraic variance properties of the product
term

It is convenient to have an invariant starting point for
the eventual product history. If F=Fn un for n =0 to 7,
and Fn is a real nunber, a real valued function, or a
differential operator then F is an al gebraic invariant
since there are no products of Octonion basis units in
its definition.

The question of al gebraic variance only nanifests itself

t hrough the product of unlike vector basis units. The
scalar uO unit multiplies all other terns exactly the sane
for all Cctonion Al gebras. The sane goes for |ike basis
vector products. Neither of these product rules participate
in the al gebraic variance character of an Octonion product
term

The sign of the product of two unlike vector basis units is
deternmined by the multiplication rules set within a single
permnutation. This single product is an algebraic variant,
since there are a nunber of al gebra changes that wll
negate its rule. If a second multiplication is perforned
that uses the sanme pernutation rule, any negation froma
change in algebra will be perforned twi ce, |eaving the
final sign unchanged. This type of double product is an
algebraic invariant. In fact, it is the only way to
generate an al gebraic invariant froma double product

i ncluding unlike vector basis units. The even negation
count is the mechani sm by which algebraic invariants are
created, although not necessarily requiring the same
permutation rule. Invariant quad product terns can be
formed using the rules of four separate pernutations.

Any product termw th an odd nunber of unlike vector basis
unit products is an algebraic variant, since there will be



a choice of algebra change that will produce an odd nunber
of negations. This is not to say any Cctonion triple
product is an algebraic variant, for there are scalar and
i ke basis unit products in the mx that will allow
formati on of invariant product ternmns.

Lets apply sone of this to Octonion extensions to things we
know from El ectrodynam cs. The 8-potential "A" and
8-differential operator "D' are assuned to be fundanenta

al gebraic invariants, not formed by any Octoni on product
oper ati ons.

The decoupl ed 8-current density for Octonion unit [i] is
- u u DDO(A) sunmed j =0to 7

This is an algebraic invariant, since the basis unit
products are all like unit nunber. We woul d have expected
this. Scal ar charge density and vector current density nust
be al gebraic invariants.

The irrotational field formfor vector unit [i] is
ui u0 Di (A0) + uO ui DO(A)

This field is an algebraic invariant, since it is a single
product with one unit being scalar. This is a good thing,
since we would denand the product of this field and the

i nvariant scal ar conponent of the 8-current yielding the
central force formto also be invariant.

The rotational field formfor vector unit [i] is
uj uk O (Ak) sumation jk over (ijk)

This is an algebraic variant, since it is a single product
defined by the nultiplication rules of the single
permutation (ijk). No big deal, since detectable force
forms invol ve another vector unit multiplication. Lets |ook
at this for the extended cross product of current density
and rotational field. Since the 8-current is an al gebraic

i nvariant, we can sinply call its kth conponent Jk. This
force may then be witten

Fi = Jk {D (Ak)-Dk(A)} uk(uj uk) ijk: (ijk)

This force is indeed an al gebraic invariant, being the
doubl e application of the multiplication rules of (ijk).

Field contributions to energy density are straight forward
al gebraic invariants, like unit product only for
irrotational fields, and like unit product with a double
application of a single pernmutation rule for the rotationa
fields.

How about scalar work? It is the like unit product of two
al gebraic invariants, the irrotational field and the



8-current. Again, an algebraic invariant as expected.

Finally, look at the Cctonion extension of the Poynting
vector. It is the extended cross product of irrotationa
field and rotational field. Since the irrotational field
is an algebraic invariant, the argunment is identical to
the cross product force above, just substitute the
irrotational field for the 8-current. Again, Cctonion

Al gebraic Invariance is there every tine it needs to be.

| have fit El ectrodynanmics within Octonion Al gebra from
fields, to current density, to forces, to work-force
action, to the anal ogy of the stress-energy-nmnentum
tensor. Every El ectrodynam c form needing to be an

al gebraic invariant actually is such

So far, | have only shown that the multiplicity of
definitions for the al gebra of Cctonions are not nuch of a
probl em for the description of physical phenonenon. Al

pl aces where the variation would matter are shown to be

al gebraic invariants, consistent across all valid forns of
the algebra. While this is certainly inportant for
justifying the connection between Cctonion A gebra and
physics, it is only part of the story on Cctonion Al gebraic
I nvari ance.

One of the best things we mght hope for would be for our
mat hematical framework to provide a guiding light to
greater understanding of the physical world. The brightest
i ght woul d be mandated structure. W do not guess then
verify, we are told howit nust be up front. W have such
with the concept of Cctonion Al gebraic Invariance. If we

| ook inside Cctonion Al gebra for things we understand well
i ke El ectrodynanmics, we find themas well as other
invariant forns we nmay never know how to piece together

wi t hout the insight provided by the full fundanental
structure of Octonion Al gebra and what it mandates

al gebraic invariant forns | ook I|ike.

Al gebraic Invariance principles can also be used to nodify
Cctonion differential equations to other equival ent forns.
The anal ogous Cctonion stress-energy-nonentum "t ensor”
formation requires changing the work-force action form
which is the algebraic invariant portion of the Cctonion
product of 8-current and field, to an integrable form which
requires an outside differentiation on every product term
| tried the guess and try nethod on this for |onger than
would like to admit. Then | got the bright idea to put ny
trust in the fundanental truth of Al gebraic |nvariance.
Since the action expression was the full conplenent of

i nvari ance of an Cctonion product, | |ooked for the ful
conpl enent of al gebraic invariant fornms for the product
string

ui [ (uj uk) (ul um ]

Wthin part tinme days, | was able to find the identity. It



is published in a PDF on ny website and is laid out in a

di scussion thread to follow. The formhas a factor of >16
nore product terns than the work-force product of field and
the sum of 8-current and 8-gradi ent of the Cctonion

equi val ent of the Lorentz Condition, which as with standard
cl assical Electrodynanmics is present explicitly in the
identity. This is what nade it so difficult to do w thout
the guiding |ight of Al gebraic Invariance.

If one would run the associator: 1/2( a*(b*c)-(a*b)*c )

t hrough the Cctonion Variance Sieve Process, they would
find the portion sieved out as invariant is identically
zero. This is so because as | nentioned, the only way to
get an invariant two-product is a double application of
the rules froma single pernutation. This will require two
of the three basis units involved to be identical. It is a
fact that any Cctonion subal gebra with only two basis units
is associative. This does not inmply all Cctonion

al gebraically invariant fornms are associative, they are
not. However, it would appear the "concept" of Al gebraic

I nvariance is associative. By this, | nean if one finds a
string of unit products that is an al gebraic invariant, any
order changes created by insertion of parenthesis will also

be an al gebraic invariant. The pernutation rule set nmay
change, as might the sign of the product term but it wll
be an al gebraic invariant. In the interest of ful

di scl osure, | have not proved this is always the case,
have only inspected a good nunber of cases. Sonme may ask
so what? | amjust planting seeds, that is all

In conclusion, the variability within the full definition
of COctonion Algebra is one of its npst inportant
attributes. For when we try to reconcile it with the easily
accept abl e Law of Octonion Al gebraic Invariance, we are
given structure to exploit. Recalculation using a
different selection for the applied algebra results in
product terns that either change sign or do not. Wen all
si xteen al gebras are considered, algebraic invariants take
on mandated form which matches expectati ons when we have
them and shows the way when we may not have enough

i nformati on. The al gebraic variants can be sieved into

i rreduci bl e sets that can provide overall Al gebraic

I nvari ance when their sunms are individually assigned a

val ue of zero. Wen we are dealing with differential forns,
the irreduci bl e sets provi de honogeneous equati ons of

al gebrai c constraint.
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